Abstract -The purpose of this paper is to construct a new family of smooth projective curves over a finite field F q with many F q -rational points using fibre products of Artin-Schreier curves. We show that for any curve X in this family the ratio g(X)/Nq(X), where g(X) is the genus and Nq(X) is the number of F^-rational points, is small enough to get geometric Goppa codes with good parameters. This paper extends the results of Stepanov and Özbudak concerning the construction of long codes.
INTRODUCTION
Let p be a prime number, and let F q be a finite field with q = p v elements. A linear [n, £, d^-code C is a subspace of F£, where n is the length of the code C, k = dim/^ C is the dimension of C, and d is the minimum Hamming distance between the non-zero elements of C. Each linear [n, &, */]-code C defines a pair of its relative parameters (<5, /?), where 8 = d/n is the relative minimum distance and R = k/n is the transmission rate of the code C.
Using the Goppa construction for linear codes associated with smooth projective curves over finite fields, one can prove the existence of long linear codes. Although the geometric Goppa codes associated with maximal curves are interesting codes since they have quite good relative parameters, the length of these codes is bounded by 1 -I-q*. This is a direct consequence of Hasse-Weil bound and the fact that the genus of a maximal curve X satisfies the inequality g(X) < q(q -l)/2 (see [10] ).
In [7] , Stepanov constructed long geometric Goppa codes using fibre products of hyperelleptic curves over a finite field F q , where q = p v and is even. In [8] , Stepanov and Özbudak extended this result to the case where v is odd. In [4] , Özbudak constructed longer codes than those in [7] and [8] using fibre product of Kummer coverings. The aim of this paper is to construct geometric Goppa codes which are much longer than those in [6] , [7] , [8] , and [4] using fibre products of Artin-Schreier curves.
Throughout this paper, F q (x) denotes the space of rational functions of the projective line P
1 . We call such a basis a canonical basis if any subset of this basis consisting of equal degree polynomials has F p -linearly independent leading coefficients. Then the system of equations over F q y\-y\ = (2) defines an irreducible curve in the (s + l)-dimensional projective space Ñ 5+1 (cf. [3] ). In [9] , G. van der Geer and M. van der Vlugt considered the fibre products For even v, the curve X r is a maximal curve for any r, l < r < õ/2.
In this paper, we construct a family /}(*) e FqW of non-degenerated polynomials, which form a canonical basis for a linear subspace of F q [jc] , and we apply the fibre product (2) to this family of polynomials to obtain smooth projective curves defined over finite fields with many rational points and considerably small ratio g(X)/N q (X). We obtain the following results. 
where N 2 (s) = (2v + l)(s -[s/p]).
We apply Goppa's construction to the family of curves of these theorems to obtain the following result. , and the longest code in Corollary 2 has the length ñ(2Ç-À)(ñ-À)ñ í -f these codes are much longer than those in [4] , which had already extended the results in [7] and [8] . The longest code obtained in [4] has the length (p -l) pV p v .
Remark 3.
The relative parameters R = k/n and ä = d/n of the codes in Corollaries 1 and 2 satisfy, respectively, the inequalities
The proof of the main results in this paper are arranged as follows. In Section 2, we give an explicit formula for the genus of the curve (2) . In Section 3, we construct a canonical basis for a non-degenerate subspace from F q [x] of special form and then we calculate the number of F q -rational points of the curve defined by (2) for this canonical basis. In the last section, we prove Theorem 1, Theorem 2, and their corollaries.
THE GENUS CALCULATION
Let Fg be a finite field of characteristic ñ with
be a polynomial of degree m with (m, p) = 1 . Then the curve X defined over F g by the equation
is irreducible. The following lemma is well known, but we include the proof because a part of it will be used in the proof of Theorem 3.
Lemma 1. The genus of the curve X is
Proof. The curve X provides a covering ö : X -» P l of degree ñ of the projective line P 1 . The only ramification point of ö is the point at infinity. Let poo = [0 : 1] be the point at infinity and ÷ be the coordinate in A Since we deduce that the degree of the canonical divisor is
Thus, 2#(X) -2 = mp -m -p -1, which gives
Since 0 is a covering of degree p of the projective line Ñ 1 , we have
where /fy is the ramification divisor of ö.
Since the only ramification point of ö is je«), R<f> = 0*00*00-Combining equation (4) (
Proof. For 1 < r < s, let X r be the curve in p s~r + l defined by removing the first r -1 equations in (5). Then for any 2 < r < s, X r -\ is a covering of X r and X 5 is a covering of the projective line P 1 , each of the covering is of degree p. Thus, we have the coverings
To prove the formula of the genus, we use induction on s . For s = 1, the result is contained in Lemma 1. Suppose that the result holds true for s -1, then
Since ×é is a covering of degree p of X2> we have 2* (Xi) -2 = p(2s(X 2 ) -2) + deg R^ (6) where Rfa is the ramification divisor of the covering <fo ' ^i -> ^2· If we bear in mind that the only ramification point of 02 is the point at infinity and the (smooth projective) curve X2 near the point at infinity looks like the projective line Ñ 1 , then by the arguments of Lemma 1 we see that Thus (6) implies that which is the required result.
We emphasise that the ordering m\ < ... It is worth pointing out that one could use the genus formula for elementary Abelian p-extensions given in [1] or Theorem 2.2 in [3] to prove Theorem 3, but the advantage of our proof lies in its simplicity and closeness, in spirit, to the geometry of the curve X s .
Remark 4.
It is important to note that the value of the genus given in Theorem 3 is bounded by (p s -l)(m s -l)/2.
THE NUMBER OF F q -RATIONAL POINTS
Let ñ be a prime number and F q be a finite field with q = p v elements. We denote by Using this well-known fact, we obtain the following assertion. Proof. It is clear that
Since jc 9 = jc for * 6 F^, we have Tr2v(fljc-/ '
(1 " f^) = 0 for any ^ e F^2. This gives the result.
Lemma 3. Let F q 2 be as in Lemma 2. Then for any a e F* 2 and any integer j, linebreak[3] 0 < j < í -1, the number of F ^-rational points of the affine curve yP-
Proof. It is clear that
Using the fact that a q = a and x q = ÷ for ÷ e F q 2 , we obtain for any ÷ e F q 2. This gives the result.
Let S\ , 52 C F q [x] be the sets of polynomials having, respectively, the forms where at e F 2 are such that a? + a/ = 0, a/ are F p -linearly independent, and 1 < j < q, O',p) = l;and where a,· € F 2 are F p -linearly independent and 1 < y < í -1. Using these sets of polynomials and Lemmas 2, 3, we arrive at the following result. / The family of polynomials 5i U £2 forms a canonical basis for a non-degenerate linear subspace of F q [x] , hence the given system of equations defines a curve. By virtue of Lemmas 2 and 3, for any ÷ e F q 2, the fibre over ÷ on the curve X s contains p N^ F q 2-rational points, where N(s) is the number of the defining equations of the curve. Writing s in the form j=n/7-fr,l<r<p -1, we see that the number of integers j such that 1 < j < s and (j, p) = 1 is equal to
Thus, the number of the defining equations with polynomials coming from 5i is equal to 
PROOF OF THE THEOREMS
In this section, we prove Theorem 1 and Corollary 1. The proofs of Theorem 2 and Corollary 2 are completely similar. 
By normalization of the curve X s , we obtain a non-singular model X s without losing F q 2-rationality of these points. Taking into account the point at infinity poo of the curve X s , we obtain By Theorem 3 and Remark 4 the genus of X s is less than
The proof is complete.
Before giving the proof for Corollary 1, we recall the well-known Goppa construction of the linear [n, k, d^-codes associated to a smooth projective curve X over a finite field F q , where q = p v (see [2] ). Let X be an absolutely irreducible smooth projective curve of genus g over F q . Let Proof of Corollary 1. Let X s be the (smooth projective) curve defined in Theorem 1. Let 5 be the set of F q i -rational points of X s at the finite part of it, and let poo denote the point of X s at infinity. By Lemma 4 \S\ = ^5>+ 2 . Let n < q N^+2 and Applying Goppa's construction to these F q i -divisors on X s for any integer / such that lW -l)(50 + 1) -!)</<«, we get the required code.
